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Abstract The paper presents the modeling of two types of
piezoelectric microcantilevers, the two-layer and two-
segment piezoelectric cantilevers, in which the two pie-
zoelectric parts perform sensor and actuator functions,
respectively. An analytic model is proposed to evaluate
the sensing and actuating effects of multiporph micro-
cantilevers formed of several layers or segments of pie-
zoelectric materials. The analytical model is used to
analyze the tip deflection of the cantilever and the pie-
zoelectric charge generated on the sensor element as a
function of the microcantilever geometry. The cantilevers
of sensing and actuation are compared for the different
working situations of the two-layer and two-segment
cantilevers. The theoretical results can be used to opti-
mize the design of the piezoelectric cantilever structures.

1 Introduction

Microsensors and microactuators are key components
of micromanipulation systems such as microrobot,
microsurgery, and biological cell manipulation. A smart
microsystem integrated with sensors and actuators is
desired for manipulating objects and feedbacking force
simultaneously. The piezoelectric MEMS devices based
on thin-film materials and silicon technology can per-
form either microsensor or microactuator functions by
utilizing the direct or converse piezoelectric effect

(Muralt 2000; Li-Peng et al. 2003; Zhang et al. 2003;
Kim Hyun et al. 2001; Roger de et al. 1999). Among
the piezoelectric devices, the cantilevers are the most
frequently investigated structures (Zurn et al. 2001;
Luginbuhl et al. 1996; DeVoe and Pisano 1997). As
actuation elements, when a voltage is applied to the
piezoelectric layer, a tip deflection is obtained. As sens-
ing elements, when a force is applied perpendicularly to
the tip of the cantilever, the electric charge can be gen-
erated on the top and the bottom electrodes.

Most previous literatures have focused on actuator or
sensor applications of the piezoelectric cantilevers. Itoh
and Suga (1996), Lee and Itoh (1999) demonstrate the
use of self-exited piezoelectric microcantilevers with
sensing and actuating capabilities. However, a reference
circuit or a PZT pattern with the same size as the free-
standing PZT cantilever is required to offset the capac-
itance charge of the piezoelectric layer of the cantilever.
This paper describes the design and structure of two
types of piezoelectric microcantilevers based on the dif-
ferent placements of the thin-film piezoelectric materials.
They are two-layer and two-segment (namely two seg-
ments in one layer) piezoelectric cantilevers. The two
piezoelectric parts can be used for the sensing and
actuating elements, respectively.

In macroscale applications, several analytical models
for the three layered laminate structure with a piezo-
electric layer as an actuator, an elastic material layer and
a second piezoelectric layer as a sensor have been
developed, which include the studies of Costa Branco
and Dente (2004) and Du et al. (2003). All of their
models ignored the influence of the electrode layers.
However, for micromachined devices, the additional
layers such as electrodes and electrical isolation layers
have to be considered in the models, since their thick-
nesses are usually on the same order as the piezoelectric
film itself. Many models of the multimorph cantilevers
have been proposed in recent years. Brissaud et al.
(2003) derived an analytical model of a non-symmetric
bimorph constituted by a thick piezoelectric film, two
electrode layers, and a elastic substrate. In their work,
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the non-symmetric bimorph is driven by harmonic
excitation and used either as an actuator or a sensor.
Elka et al. (2004) developed the constitutive equations
for the multilayered piezoelectric structures actuated by
voltages or charges. In the constitutive equations the
electromechanical response is presented as the electro-
mechanical coupling stiffness. A model for piezoelectric
multimorph cantilevers extended from the Timoshenko’s
approach was proposed by DeVoe and Pisano (1997) to
investigate the deflection of microactuators. The tip
deflection of the mutilayered structure was analyzed by
Huang et al. (2004) using a similar model in reference
(DeVoe and Pisano 1997). Weinberg (1996) derived a
more generic model in which the sensing and actuation
performance of the piezoelectric multimorph cantilevers
subjected to various mechanical and electrical loadings
were investigated. An analytical model for the multi-
morph beams exited by different internally induced
strains, including piezoelectricity, has been reported by
Soderkvist (1993). An approximate model was presented
by Ephrahim and Nicolae (2004). In this model, all types
of induced strain can be incorporated into it.

In the above mentioned models, every layer in the
structure has the same material and length. This paper
proposes a new model for multilayer cantilever devices
in which every layer consists of several segments with
different materials. Using this model, the tip deflection
and piezoelectric charges of the multimorph cantilevers
are analyzed. The actuation and sensing capabilities of
the two structures, including the two-layer and two-
segment cantilevers, are compared.

2 Structure of the piezoelectric microcantilevers

Figure 1 illustrates the two-layer and two-segment
piezoelectric microcantilevers. ZnO or lead zirconate

titanate (PZT) formed by sputtering deposition or sol–
gel processing can be used as the piezoelectric layers.
The silicon substrate layer is fabricated by anisotropic
etching. Pt/Ti and Pt layers are used as electrode layers.
Two layers of SiO2 are deposited for electrical isolation.
The two types of cantilevers are formed of nine and
seven layers, respectively. The former includes two lay-
ers of piezoelectric films, and the latter includes one
layer of piezoelectric film with two separated top elec-
trodes. Both structures consist of two piezoelectric parts
in the series connection, and every piezoelectric part
serves as a force sensor or actuator. The top and bottom
electrodes of the sensing element are grounded.

3 Model

The model developed next provides the equations of the
tip deflection and sensing charges of a piezoelectric
multimorph cantilever. The geometry of an m-layer
piezoelectric cantilever is shown in Fig. 2. In the figure,
the individual layer consists of several segments with
different materials, which may be either piezoelectric or
purely elastic. The cantilever is separated into n seg-
ments in the x-direction. For the model, several
assumptions are made as follows:

1. The piezoelectric multimorph structure is in static
equilibrium.

2. Every layer spans over the same length, L, and has
the same width, -:

3. Because the cantilever beam is relative long, the
Euler-Bernoulli model employed in terms of bending
and shearing effects are excluded. The beam width
and thickness is small compared to its length, and the
stress and displacement in the y and z directions are
equal to zero.

Fig. 1 Schematic diagrams: a
two-layer cantilever, b two-
segment cantilever
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4. Because the beam width and thickness are very small
compared to its length, the displacement in y and z
directions can be neglected.

5. Based on assumption (3), the surface charge on the
electrodes of the piezoelectric layers are derived from
three contributions: (a) transverse piezoelectric effect
related to y and z directions, (b) transverse piezo-
electric effect related to x and z directions, and (c)
longitudinal piezoelectric effect in the z direction.
From assumption (4), the two components of (a) and
(c) can be neglected.

6. The interfaces between layer i and i+1, segment j and
j+1 are continuous.

For the segment j, the axial forces at any cross section
of the m-layer beam sum to zero at equilibrium, which
can be written as

Xm

i¼1
Pij ¼ 0: ð1Þ

The individual axial force is determined by integrating
the normal stress along x-direction over each individual
cross section, where the stress variation versus the z
coordinate is linear. Using Eq. 1, the total axial force is
given by

Xm

i¼1
Pij ¼ -

Xm

i¼1

Zzi

zi�1

YijSijdz ¼ 0; ð2Þ

where Yij and Sij are Young’s modulus and the strain
along the x-direction of the element of the layer i and
segment j, repectively.

According to the interface continuity assumption
between adjacent layers, Sij can be written as

Sij ¼ ðzNj � zÞ @
2xj

@x2
; ð3Þ

where zNj and x j are the position of the neutral axis and
the bending displacement along z-axis of the segment j.

Inserting Eq. 3 into 2, perform the integration indi-
cated in 2

zNj ¼
P

i Yijh2
iP

i Yijhi
ð4Þ

with

hi ¼ zi � zi�1; h2
i ¼

z2i � z2i�1
2

: ð5Þ

At any axial position, the internal moments produced by
the internal stresses balance the external moments

Mij ¼ FLðL� xÞ þ -
X

i

Z

zi

Tijzdz ¼ 0; ð6Þ

where FL is the force perpendicularly to the tip of the
cantilever, and Tij is the stress along the x-direction of
the element of the layer i and segment j.

Substituting the constitutive piezoelectric equation

Tij ¼ YijðSij � d31ijEijÞ ð7Þ

and Eq. 3 into Eq. 6, solving the integration over z gives

FLðL�xÞ

þ- zNj
@2xj

@x2
X

i

Yijh2i �
@2xj

@x2
X

i

Yijh3i �
X

i

Yijd31ijEijh2
i

" #

¼ 0with h3i ¼
z3i � z3i�1

3
;

ð8Þ

where d31ij is the piezoelectric constant of the piezo-
electric material, Eij is the electric field along z-axis in-
side the piezoelectric material.

Inserting Eq. 5 into Eq. 8, the differential equation
for the bending displacement of a multimorph cantilever
can be written as

@2xj

@x2
¼ FLLþ Bj-

Aj-
� FL

Aj-
x; ð9Þ

where Aj and Bj depend on the elastic and geometric
parameters of the cantilever beam. Bj also depends on the
piezoelectric characteristics and the applied voltage of
the piezoelectric layers. Aj and Bj are defined as follows:

Aj ¼
X

i

Yijh3i �
P

i Yijh2
i

� �2
P

i Yijhi
; Bj ¼ �

X

i

Yijd31ijEijh2
i :

ð10Þ

The general solutions to Eq. 9 is

xj ¼
FLLþ Bj-

2Aj-
x2 � FL

6Aj-
x3 þ C1jxþ C2j: ð11Þ

The constants C1j and C2j are determined using the
boundary conditions of the segment j of the cantilever
beam. They can be written as follows:

Fig. 2 Geometry of a multimorph composed of m layers and n
segments
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1. The displacement and slope at the clamped end,
located at x=0, are equal zero, thus

x1ð0Þ ¼ 0;
dx1ð0Þ

dz
¼ 0: ð12Þ

These equations lead to

C11 ¼ 0; C21 ¼ 0: ð13Þ

When n=1, inserting Eqs. 13 into 11, the bending dis-
placement of the cantilever beam can be given by

x1 ¼
FLLþ B1-

2A1-
x2 � FL

6A1-
x3: ð14Þ

2. When n ‡ 2, the displacement and slope at x=Lj

of the segment j are equal to that of the segment
j+1.

xj x¼Lj

�� ¼ xðjþ1Þ x¼Lj

�� ; ð15Þ
@xj

@x x¼Lj

�� ¼
@xðjþ1Þ
@x x¼Lj

�� : ð16Þ

Solving the Eqs. 15 and 16 leads to

C1ðjþ1Þ ¼
FLLþ Bj-

Aj-
�

FLLþ Bðjþ1Þ-

Aðjþ1Þ-

� �
Lj

� FL

2Aj-
� FL

2Aðjþ1Þ-

� �
L2

j þ C1j;

ð17Þ

C2ðjþ1Þ ¼
FLLþ Bðjþ1Þ-

2Aðjþ1Þ-
� FLLþ Bj-

2Aj-

� �
L2

j

� FL

3Aðjþ1Þ-
� FL

3Aj-

� �
L3

j þ C2j:

ð18Þ

By successively applying Eq. 17, the constant C1 of a
particular segment can be expressed in terms of the
constant of the previous segment, which, in turn, de-
pends on the constant of the previous segment. In the
end, the particular constant is expressed in terms of the
constant of the segment 1, thus

C1ðjþ1Þ ¼
Xj

j¼1

��
FLLþ Bj-

Aj-
�

FLLþ Bðjþ1Þ-

Aðjþ1Þ-

�
Lj

�
�

FL

2Aj-
� FL

2Aðjþ1Þ-

�
L2

j

�
þ C11:

ð19Þ

In the same way, Eq. 18 can be written as

C2ðjþ1Þ ¼
Xj

j¼1

��
FLLþ Bðjþ1Þ-

2Aðjþ1Þ-
� FLLþ Bj-

2Aj-

�
L2

j

�
�

FL

3Aðjþ1Þ-
� FL

3Aj-

�
L3

j

�
þ C21: ð20Þ

Inserting Eqs. 13, 19 and 20 into 11, the bending
displacement of segment j can be given by

xj¼ FLLþBj-
2Aj-

x2� FL
6Aj-

x3

þ
� Pðj�1Þ

j¼1

��
FLLþBj-

Aj-
� FLLþBðjþ1Þ-

Aðjþ1Þ-

�
Lj�

�
FL

2Aj-
� FL

2Aðjþ1Þ-

�
L2

j

�	
x

þ
Pðj�1Þ

j¼1

��
FLLþBðjþ1Þ-
2Aðjþ1Þ-

� FLLþBj-
2Aj-

�
L2

j �
�

FL
3Aðjþ1Þ-

� FL
3Aj-

�
L3

j

�
:

ð21Þ

3.1 Determination of the tip deflection

The tip deflection can be found by substituting x=L in
Eqs. 14 and 21.

When n=1,

x1ðLÞ ¼
FLLþ B1-

2A1-
L2 � FL

6A1-
L3; ð22Þ

when n ‡ 2,

xnðLÞ¼ FLLþBn-
2An-

L2� FL
6An-

L3

þ
Pðn�1Þ

j¼1

FLLþBj-
Aj-

� FLLþBðjþ1Þ-
Aðjþ1Þ-


 �
Lj� FL

2Aj-
� FL

2Aðjþ1Þ-


 �
L2

j

h i( )
L

þ
Pðn�1Þ

j¼1

FLLþBðjþ1Þ-
2Aðjþ1Þ-

� FLLþBj-
2Aj-


 �
L2

j � FL
3Aðjþ1Þ-

� FL
3Aj-


 �
L3

j

h i
:

ð23Þ

3.2 Determination of the charge of the piezoelectric
layer

The charge appearing on the grounded electrodes of the
piezoelectric material in segment j is given by

Qij ¼
Z-

0

ZLj

Lðj�1Þ

Dijdxdy; ð24Þ

where Dij is the electric displacement along z-axis inside
the piezoelectric material. It is given by the constitutive
piezoelectric equation

Dij ¼ d31ijTxij þ eijEij; ð25Þ

where e ij is the permittivity of the piezoelectric material.
Eij is equal to zero since both electrodes are groun-

ded. Inserting piezoelectric Eqs. 7 and 25 into 24, the
charge can be written as

Qij ¼
Z-

0

ZLj

Lðj�1Þ

d31ijYijðzjN � zÞ @
2xj

@x2
dxdy

¼ -d31ijYij

ZLj

Lðj�1Þ

ðzjN � zÞ @
2xj

@x2
dx ð26Þ
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with the Eq. 9, solving 26 leads to

Qij ¼ d31ijYij Lj � Lðj�1Þ
� �

zjN � z
� �

FL 2L� ðLj þ Lðj�1ÞÞ
� 

þ 2Bj-

2Aj

� �
:

ð27Þ

4 Analysis of the two-layer and two-segment
piezoelectric cantilevers

The piezoelectric cantilevers with two-layer and two-
segment piezoelectric parts will be analyzed next, based
on the generic model of the multimorph beam. The two
piezoelectric parts are used to the sensing and actuating
element, respectively.

4.1 Two-layer piezoelectric cantilever

Figure 3 shows a schematic sketch of the two-layer
piezoelectric cantilever considered in our analysis. Using

Eqs. 22 and 27, the tip deflection and the piezoelectric
charge are given by

x1ðLÞ ¼
FL

3A1-
L3 þ B1

2A1
L2; ð28Þ

Qi1 ¼ d31i1Yi1
FLL2

2A1
þ B1L-

A1

� �
zN1 � zi�1ð Þ; i ¼ 5; 7:

ð29Þ

For the two-layer piezoelectric cantilever, the two
piezoelectric layers can be acted as a force sensor or an
actuator. When one piezoelectric layer is acted as an
actuator, the other piezoelectric layer will be used as a
force sensor. Figure 4 are the plots of the tip deflection
x (L) of the multimorph cantilever and piezoelectric
charge Q generated on the sensing element derived in
Eqs. 28 and 29 in terms of the silicon substrate thickness
and the length of the multimorph cantilever. The char-
acteristics of the multimorph cantilever used for this
simulation are given in Table 1. Assuming each layer of
the cantilever has the same width that is 200 lm, and the
length is in the range of 1,000 lm–2,000 lm. The
thickness of the silicon substrate is in the range of
10 lm–20 lm. A voltage of 3 V is applied across the
electrodes of the actuating element. The force applied to
the tip of the cantilever is 20 lN. Figure 4 shows the

Fig. 3 A multimorph cantilever composed of two piezoelectric
layers

Fig. 4 a The tip deflection x (L) of the multimorph cantilever and b piezoelectric charge Q generated on the sensing element, as a function
of system geometry

Table 1 Material and geometric parameters of the multimorph
cantilevers

t(lm) E(GPa) d31(PC/N)

Layer no 1 (Si) 10�20 169
Layer no 2 (SiO2) 0.5 70
Layer no 3 (Ti) 0.05 110
Layer no 4 (Pt) 0.2 145
Layer no 5 (PZT) 0.25 101 34.1
Layer no 6 (Pt) 0.2 145
Layer no 7 (PZT) 0.25 101 34.1
Layer no 8 (Pt) 0.2 145
Layer no 9 (SiO2) 1 70
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comparison between the two cases of the upper and the
lower piezoelectric layer acting as an actuator. The tip
deflection and the generated piezoelectric charge have
slight difference between the two cases. As shown in
Fig. 4, when the electric field is applied to upper piezo-
electric layer, the two-layer piezoelectric cantilever has a
lager tip deflection and a smaller piezoelectric charge
than the case that the lower piezoelectric layer is acted as
an actuator.

4.2 Two-segment piezoelectric cantilever

Figure 5 shows a schematic sketch of the two-segment
piezoelectric cantilever. The tip deflection x (L) of the
cantilever is obtained through replacing n by 2 in Eq. 23.

x2ðLÞ ¼ FLLþB2-
2A2-

L2 � FL
6A2-

L3

þ FLLþB1-
A1-

� FLLþB2-
A2-


 �
L1 � FL

2A1-
� FL

2A2-


 �
L2
1

h i
L

þ FLLþB2-
2A2-

� FLLþB1-
2A1-


 �
L2
1 � FL

3A2-
� FL

3A1-


 �
L3
1

h i
:

ð30Þ

Using Eq. 27, the piezoelectric charge Q generated on
the electrodes of the two segments (j=1,2) can be writ-
ten as

Q51 ¼ d3151Y51L1
FLð2L� L1Þ þ 2B1-

2A1

� �
zN1 � z4ð Þ; ð31Þ

Q52 ¼ d3152Y52 L� L1ð Þ FLðL� L1Þ þ 2B2-
2A2

� �
zN2 � z4ð Þ:

ð32Þ

The material and geometric parameters of the multi-
morph cantilevers are the same as the two-layer piezo-
electric cantilever. Because Aj depends on the elastic and
geometric parameters of the cantilever beam, the two
segment of the cantilever, A1 is equal to A2. There are
two working modes for the two-segment piezoelectric
multimorph cantilever. When the right segment is acted
as an actuator segment, the left piezoelectric segment
will be used as a sensor with two grounded electrodes. In
this case, B1 is equal to zero. In the same way, when the
left segment is acted as an actuator, B2 is equal to zero.
According to the Eqs. 31 and 32, the piezoelectric charge
generated on the sensing element is proportional to the
force applied to the tip of the cantilever, and have no
relation with the voltage applied to the actuation ele-
ment. For this two-segment structure, the piezoelectric
charge on the sensing element is only produced by the
effect of the tip force of the cantilever.

Figure 6 are the plots of the tip deflection of the
multimorph cantilever and piezoelectric charge gener-
ated on the sensing element in terms of the proportion
of the left-segment length (L1) to the whole length (L)
of the cantilever and the thickness of the silicon sub-
strate thickness. When the ratio is equal to 0.293, the
two working situations of the two-segment cantilever
have the same tip deflection and piezoelectric charge.
The result of the comparison between the two cases
indicates that when the actuation element produces a
larger tip deflection, the sensing element will generate a
smaller piezoelectric charge, and vice versa. For the
two-segment multimorph cantilever, the relationships
of x (L), Q, versus L, tSi have the same trend with the
two-layer multimorph cantilever, as shown in Fig. 7.
The proportion of L1 to L used for this simulation is
0.293.

Fig. 5 A multimorph cantilever composed of two piezoelectric
segments

Fig. 6 a The tip deflection x (L) and b piezoelectric charge Q generated on the sensing element of the multimorph cantilever as a function
of the proportion of the left-segment length (L1) to the whole (L) length of the cantilever. (Length of the cantilever is 1,000 lm.)
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4.3 Comparison of the two-layer and two-segment
piezoelectric cantilevers

The analytical modeling indicates that the tip deflection
and piezoelectric charges of two-layer and two-segment

cantilevers are proportional to the voltage and tip-force
loadings, and they increase as the length increases and
the thickness of the silicon substrate decreases. For the
two-layer and two-segment piezoelectric cantilevers,
there are four working modes, as shown in Fig. 8. To
compare the actuating and sensing capabilities of the
four different cases, the mulimorph cantilevers are as-
sumed to have the same geometric sizes, the same volt-
age, and tip-force loadings.

Figure 8 shows the tip deflection x (L) of the multi-
morph cantilevers and piezoelectric charge Q generated
on the sensing element as a function of L1/L. The results
indicate that the two-layer cantilevers have better actu-
ating and sensing capabilities than the two-segment
cantilevers. For the two-layer piezoelectric cantilevers,
L1 is equal to L, so that x (L) and Q have no relation
with the L1/L. The working situation of the cantilever
has less influence to the actuating and sensing capabili-
ties compared with the two-segment cantilever. How-
ever, two layers piezoelectric films integrated in the
structure make the fabrication of the microcantilever
more complex.

5 Conclusion

A theoretical model for piezoelectric multimorph mi-
crocantilever with several layers and segments is pro-
posed in the paper. With this model, the sensing and
actuating effects of the two-layer and two-segment pie-
zoelectric microcantilever are analyzed. The tip deflec-
tion of the cantilever and the piezoelectric charge
generated on the sensor element as a function of mi-
crocantilever geometry are compared for the different
working modes. For the two-layer microcantilevers, x
(L) and Q have slight difference between the two situa-
tions when the upper or lower layer is acted as the
actuator. For the two working modes of the two-seg-
ment microcantilevers, when the left or right segment
acts as the actuator, x (L) and Q have relation with the
ratio of the left segment length to the whole length of the

Fig. 7 a The tip deflection x (L) of the multimorph cantilever and b
piezoelectric charge Q generated on the sensing element as a
function of system geometry. (L1/L=0.293)

Fig. 8 a The tip deflection x
(L) of the multimorph
cantilevers (A voltage of 3 V is
applied to the actuation
element) and b piezoelectric
charge Q generated on the
sensing element (a tip force of
20 lN is applied to the
cantilevers) as a function of
L1/L. (The length of the
cantilevers is 1,000 lm, and the
width of the cantilevers is
200 lm)
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cantilever. The comparison between the two working
situations indicates that when the actuation element
produces a larger tip deflection, the sensing element will
generate a smaller piezoelectric charge, and vice versa.
For the two types of microcantilevers, the two-layer
cantilevers have better actuating and sensing capabilities
than the two-segment cantilevers.
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